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The dihedral group Dn is the group consisting of the rotations and reflec-

tions of an n-sided regular polygon that transform the polygon into itself.
For such a polygon, we can rotate it by 2π

n about its centre, or reflect it about
a line of symmetry that passes through its centre. As an example, consider
Fig. 1, which shows a regular pentagon.

The lines of symmetry are the five coloured lines passing through the
centre. Each line passes through a vertex and also through the midpoint of
the opposite side. A rotation by 2π

5 takes each vertex into the next vertex in
a counterclockwise direction, so we rotate A into B, B into C and so on.

We can also reflect the pentagon across any of the coloured lines. Re-
flecting across the purple line Ac swaps B with E, C with D and A into
itself.

For an odd-sided polygon (such as a triangle or pentagon), a line of sym-
metry or median passes through a vertex and its opposite side; for an even-
sided polygon (such as a square or hexagon), the lines of symmetry pass
through two opposite vertices, or through the midpoints of opposite sides.
In either case, there are n medians.

The group element corresponding to a rotation by 2π
n is denoted r. Re-

peating the rotation gives the elements 22π
n , 32π

n , . . . ,n
2π
n = 2π. Since ap-

plying r n times restores the polygon to its original orientation, we have
rn = I . Thus, counting the identity, there are n rotation elements in the
dihedral group Dn.

What about reflections? Since we can reflect about any of the n medians,
there are n distinct reflections. Thus the order of Dn is

|Dn|= 2n (1)

If we denote a reflection by si for i= 1, . . . ,n, then we see geometrically
that repeating si returns the polygon to its original state, so

s2
i = I (2)

In order to demonstrate that
{
I,r,r2, . . . , rn−1, s1, . . . , sn

}
form a group,

we need to find the products of the various elements. First, we note that the
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FIGURE 1. Medians of a pentagon.
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product of any two rotations is just another rotation, and the product of any
two reflections is a rotation. For example, in Fig. 1, if we reflect about the
purple line and then about the blue line, the first reflection maps the vertices
according to (ABCDE)→ (AEDCB) (in each configuration, we list the
vertices in counterclockwise order, starting at the top). The second reflec-
tion then gives us (AEDCB)→ (DEABC). This is the same as applying
the rotation r three times (counterclockwise), so (applying the LHS right to
left) sbluespurple = r3.

What about the product of a rotation and a reflection? Consider the ele-
ment rspurple, where we work from right to left, and spurple is the reflection
about the purple line Ad. The reflection maps (ABCDE)→ (AEDCB),
and the rotation r maps (AEDCB)→ (EDCBA). This is the same as a
reflection about the red line, starting from the original configuration. Thus
the product of a reflection and a rotation is another reflection. You can work
out the full multiplication table for the pentagon if you like, but you’ll find
that rsi always gives another reflection for i= 1, . . . ,n. Conversely you can
also show that rjsi for i fixed and j = 1, . . . ,n also gives all the reflections
in some order.

By contradiction: we propose that rjs1, gives a rotation rk instead of a
reflection. Then, left-multiplying by

(
rj
)−1

= rn−j we would have

s1 = rn+k−j = rnrk−j = rk−j (3)
In other words, s1 would have to be a rotation, but it was specified to be a
reflection, so we have a contradiction. Thus rjs1 must be a reflection. In
summary,

(rotation)(rotation) = (rotation) (4)

(rotation)(reflection) = (reflection) (5)

(reflection)(reflection) = (rotation) (6)

Thus the product of any two elements gives another element in the group.
We can also show that

srs= r−1 (7)
To do this, we start with rsrs= (rs)(rs), which, by the above, is the prod-
uct of two reflections, so we must have, from 2

rsrs= (rs)(rs) (8)
= I (9)

Left-multiplying by r−1 gives us
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srs= r−1 (10)
This expresses the geometric fact that if reflect a polygon, then rotate it,
then reflect it back, this is equivalent to rotating it by the same amount in
the opposite direction.
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